Two-dimensional incompressible Navier-Stokes equations are numerically solved using the high resolution spectral element method at Reynolds number 200. The flow between three cylinders in an equilateral-triangular arrangement is investigated. The center-to-center spacing distance ratio between two circular cylinders is varied from 1.5 to 12. Present numerical results show that the flow patterns and force characteristics are the result of the combined effects of Reynolds number, spacing distance, configuration arrangement, and incident angle. For the small spacing distance ratio of 1.5, the well-known biased flow phenomenon in the gap of downstream cylinders is found. And the biased flow is bistable in our study but not monostable. A small spacing distance means lower Strouhal number, drag, and root-mean-square lift coefficients. In the medium spacing distance ratio of 4.0, the suppressed effect of vortex shedding for the presence of the side-by-side downstream cylinders disappeared. Mean drag coefficients of downstream cylinders are basically identical to the value of flow past around a single circular cylinder. For the large spacing distance ratio of 8.0, the effects between three cylinders basically disappeared. The mean drag and lift coefficients, root-mean-square lift coefficients, and Strouhal number of three cylinders are essentially equivalent to those values of a single circular cylinder.
Introduction
Flows around circular cylinders are widespread among the modern industrial production and engineering practice, such as landing gear systems, heat exchanger tubes, offshore platforms pillar groups, and nuclear reactors. Thus, during the past century, numerous experiments and numerical simulations have been carried out to study the flow regime of flows around circular cylinders with different arrangement. Nevertheless, many works are focused on the single cylinder and a pair of cylinders [1] [2] [3] ; few take consideration of three or more cylinders arrangement configuration [4] . But flow between the three cylinders is frequently involved in industrial applications; such examples are shown in Figures  1 and 2 .
Yan et al. [5] , Yang et al. [6] investigated three cylinders in a staggered arrangement at Re = 200 with laser-induced fluorescence flow visualization and lattice Boltzmann numerical method. Two diverse flow characteristic steady (1 ≤ / ≤ 1.2 and 2.5 ≤ / ≤ 3.1) and unsteady flow (1.3 ≤ / ≤ 2.4 and 3.2 ≤ / ≤ 10) were found. Zheng et al. [7] investigated three cylinders in an equilateral-triangular T shaped and inverted-T shaped configuration with the finite volume method. Three flow pattern characteristics and force characteristics were analyzed in detail. Barros et al. [8] presented the convective laminar flow and heat transfer of three cylinders in a triangular arrangement at Re = 100, Prandtl number Pr = 0.71 using finite volume method. Shaaban and Mohany [9] numerically investigated the effect of distance between the upstream cylinder and middle cylinder on the force characteristic with three uneven spacing cylinders configuration at Re = 200. Wu [10] using the secondorder immersed boundary method carried out the numerical simulation of three equilateral-triangular array cylinders with different incident angle. Bansal and Yarusevych [11] experimentally investigated flow around a cluster of three equally spaced cylinders at Re = 2.1 × 10 3 . POD analysis suggested that cluster orientation is a typical impact factor 2 Shock and Vibration on the near wake development. Qiu et al. [12] experimentally measured the pressure coefficients of three cylinders in an equilateral-triangular arrangement. Significant complicated aerodynamic interference effects were observed between three cylinders. Several other literatures related to three or more cylinders are also published [13] [14] [15] [16] [17] [18] [19] . To conclude, all the above researches showed that the flow patterns and force characteristics are the results of the combined effect of Re, spacing distance, configuration arrangement, and incident angle.
With the development of hardware technology, numerical solutions can be easily obtained compared to experiment results. Numerous numerical algorithms have been used to solve the flow around cylinders, such as finite volume method, finite element method, immersed boundary method, spectral method, and meshless method. Each algorithm has pros and cons. However, in order to capture more flow details, it has been a trend to apply high resolution method into the solving of incompressible N-S equations. Spectral element method (SEM) mixes the exponential convergence property of spectral schemes and good geometric flexibility feature of finite element method. Therefore, exponential (p-type) and algebraic (h-type) convergence can be, respectively, achieved by increasing polynomial order and element numbers. In addition, the spectral element method has been applied to many research fields, such as flow and heat transfer [20, 21] , wave propagation [22] , structure vibration [23] , and aeroacoustics [24] .
The paper is organized as follows. In Section 2, a brief description of the governing equation is given. In Section 3, the accuracy of the spectral element numerical code is verified by the Kovasznay flow and flow past around a single circular cylinder. Then flows between three cylinders in an equilateral-triangular arrangement are investigated in detail. Finally, Section 5 contains the conclusions of our work.
Governing Equations and Numerical Methods
The governing equations used for unsteady and incompressible viscous flow are incompressible Navier-Stokes equation and continuity equation, which are expressed as below:
where v is the velocity vector, represents the pressure, ] is the kinematic viscosity, ] = 1/Re. Re is Reynold's number with respect to the circular cylinder diameter and characteristic velocity , Re = ⋅ /]. The numerical calculation was carried out using the open-source code Nektar++ [25] . The incompressible N-S equation solver in Nektar++ library is based on the spectral element method in space discretization and highorder time splitting method in time discretization. In the spectral element method, the computational domain Ω is decomposed into several nonoverlapping subdomains. Each spectral element is mapped into a standard element. Finally, the variational problem discretized by the means of SEM is equivalent to solving Differential Algebraic Equations. And the block diagram of the spectral element method for incompressible flow problems is shown in Figure 3 . More details can be obtained from the literatures [20, 24, 25] . 
Validation Study
where 0 is a reference pressure and is an intermediate variable related to Re. The computational domain Ω is decomposed into 12 nonoverlapping subdomains, with 3 elements in the x direction and 4 elements in the y direction. The time step chosen is very small, so that the numerical accuracy is only connected with polynomial order. Figure 4 shows the contours of velocity component in the direction at Re = 40. Figure 5 shows the convergence rate of pressure and velocity. We can find that 2 norm error has an exponential convergence rate with increasing polynomial order. The error level approaches the value of 10 -12 at = 14. However, it does not decrease again at the higher polynomial order, which means that the calculations are reached machine error levels. Therefore, the exponential convergence of numerical scheme for solving incompressible N-S equations was verified.
Unsteady Flow Past a Single Circular
Cylinder. Flow around a circular cylinder is another benchmark problem to test the accuracy of the SEM. We consider the twodimensional laminar flow past around a circular cylinder. The schematic of the numerical computation is presented in Figure 6 . The center of the circular cylinder is located at the origin of the coordinate plane. The diameter of the circular cylinder ( ) denotes unit characteristic length. The entire computational domain dimensions are 50 × 40 , with a downstream distance of 30 , a distance of 20 on both upstream, and either side of the cylinder. The boundary conditions adopted are as follows: at the inflow boundary, the velocity inlet is set to be a characteristic velocity = 1; at the outer boundary, zero velocity gradient and pressure = 0 are specified; the upper and lower boundaries are both symmetry conditions; and no-slip boundary condition is applied on the wall of circular cylinder. We run numerical computations with 1603 unstructured triangle elements and 140 structured square elements near the wall of the circular cylinder, as shown in Figures 7 and 8 . In order to capture more details of the flow near the cylinder surface, the mesh grids are imposed as narrow as 0.04 . At the same time, the wake region is also refined. The grid systems in the present paper are all generated by Gmsh [30] , open-source finite element grid software. The numerical simulation is started with zero initial conditions at = 0.
In this case, we fixed the grid size and a relatively small time step Δ = 0.0008, by varying the polynomial order in each element; a grid independence study is investigated. The comparison of present numerical results with different polynomial orders and other existing results are given in Table 1 . It is shown that using a polynomial order = 5, time-mean drag coefficient ( ), and Strouhal number (St) provides as good a result as those obtained from previous literatures.
Some nondimensional parameters used in the present paper are defined as follows: 
where , are the drag force and drag coefficient; , are the lift force and lift coefficient; is the vortex shedding frequency, which can be obtained from the FFT analysis of the lift coefficient curve; ave is mean pressure coefficient; ave Shock and Vibration is mean pressure; , ∞ are free stream pressure; is fluid density; is one stable period; , are the time-mean and root-mean-square lift coefficients. Figure 9 shows the temporal evolution curve of lift coefficients and drag coefficients at Re = 200. As what can be seen from the graph shown in Figure 9 , the vortex shedding has developed to be a stable periodic fashion. The period of lift coefficient is twice the period of drag coefficient. In addition, the time averaged pressure coefficient on the surface of circular cylinder is also an important parameter for charactering the flow around a circular cylinder. Figure 10 shows the comparison of ave between our numerical result and the literature results from [31] . Good agreement is observed, and it shows the capabilities of the spectral element method encapsulated in Nektar++ for solving the incompressible flow problems again. 
Unsteady Flow between Three Circular Cylinders
Now, we consider the two-dimensional laminar flow past between three circular cylinders. The schematic of the numerical computation is presented in Figure 11 . Three circular cylinders are placed in the shape of an equilateral triangle. The center of the upstream circular cylinder (denoted with cylinder 1) is always located at the origin of the coordinates. Another two cylinders are located at downstream in a sideby-side configuration (denoted with cylinder 2 and 3, respectively). is the center-to-center spacing between two circular cylinders. The boundary conditions are the same as the ones adopted by flow past a single cylinder. Computational grid for flow around three circular cylinders with / = 4.0 is presented in Figures 12 and 13 . 3893 unstructured triangle elements and 330 structured square elements are used for the case / = 4.0. Just like the single circular cylinder, we fix the grid size and time step, by varying the polynomial order in each element; a grid independence test is also examined. Table 2 displays the comparison of and St between different polynomial orders. Owing to the enough element numbers, it is shown that grid independence is obtained using a polynomial order = 3. However, in order to present the flow patterns more clearly, the polynomial order = 4 is adopted in the below numerical simulations.
Flow Patterns.
Previous research had identified that the spacing distance has a vital impact on the flow pattern characteristics. Therefore, in this paper, we do a study of the spacing distance / from 1.5 to 12 at Re = 200. The flow pattern characteristics of three typical spacing distances are discussed in below. Figures 14-16 show presented computed results for instantaneous vorticity contours, pressure contours, and streamlines at / = 1.5, 4.0, and 8.0 with Re = 200.
For the small spacing distance case of / = 1.5, crossflow around three cylinders with an equilateral-triangular arrangement is similar to a single bluff body flow. As can be seen from Figure 14(a) , the single-row vortex street was produced in the downstream of wake region. Vortex shedding of upstream cylinder is fully suppressed due to the presence of the side-by-side downstream cylinders. The existence of wellknown biased flow phenomenon in the gap of downstream cylinders is proved. And owing to this asymmetry flow, the flow pattern becomes irregularly and spontaneously. Moreover, it is of interest that we find the biased flow is bistable in our study, but not monostable in literatures [7, 16] . This is also noticed by Sumner [1] , Zhiwen et al. [32] . They explained that the bistable characteristic was related to the transient presentation and breakdown of large gap vortices behind the cylinder with the wider wake. Gu and Sun [33] also found this biased bistable flow at Re = 14000 with / = 1.7. One reason for the inconsistency between different researchers may be linked to the mixed effects of changes in Re and spacing distance. Further comprehensive research for this biased flow phenomenon should be carried out.
For the medium spacing distance case of / = 4.0, Figures 15(a) and 15(b) showed that cross-flow around three cylinders with an equilateral-triangular arrangement are all partially developed. The three-row vortex street was produced in the downstream of wake region. The suppressed effect of vortex shedding for the presence of the side-by-side downstream cylinders is disappeared. Gap flow is no longer dominated by the downstream cylinders. And every cylinder produces an obvious single vortex street in the wake region. The wake of upstream cylinder is sandwiched by the wakes of the side-by-side downstream cylinders. Owing to this restriction, the wake extent of upstream cylinder becomes more relatively narrow, while those at the downstream become wider. Moreover, the vortex shedding behind three cylinders nearly presents an in-phase synchronized fashion. The results show that there is a strong interaction between the vortex shedding of cylinder #1 with those from the inner sides of downstream cylinders #2 and #3. However, the vortex shedding of the outer sides of downstream cylinders #2 and #3 does not take part in this merging process.
For the large spacing distance case of / = 8.0, as shown in Figures 16(a) and 16(b) , cross-flow around three cylinders with an equilateral-triangular arrangement is all completely developed. The three-row well-defined vortex street was produced in the downstream of wake region. The flow pattern of any one of three cylinders only has a slight difference with that of cross-flow around a single cylinder. And this slight difference can be seen from the instantaneous streamlines in the wake region of Figure 16(b) . Vortex shedding between cylinder #1 and cylinder #2 nearly presents an in-phase synchronized fashion. On the contrary, Vortex shedding between cylinder #2 and cylinder #3 nearly presents an antiphase synchronized fashion. Figures 17-19 show the temporal evolution curve of lift and drag coefficients for three cylinders at / = 1.5, 4.0, and 8.0. Variations of mean drag coefficients, mean lift coefficients, root-mean-square lift coefficients, and St with different spacing distances for three cylinders are illustrated in Figures 20-23 . Due to the existence of the biased flow phenomenon in the case of / = 1.5, the first impression for curves in Figure 17 is of very large irregular and disordered. The drag and lift coefficients of cylinder #1 are all obviously less than the values of other two cylinders. The mean drag and RMS lift coefficients of cylinders #2 and #3 are basically identical. Lift coefficients have the nearly the same magnitude but opposite sign. The St of three circular cylinders is small enough in comparison with the value of flow past around a single circular cylinder. Therefore, it can be concluded that a small spacing distance tends to have a lower St, drag, and RMS lift coefficients.
Force Statistics.
In the medium spacing distance case of / = 4.0, all coefficients versus time history present a sinusoidal shape except the drag coefficients of cylinders 2# and 3#. Drag coefficients of cylinders #2 and #3 have the same magnitude, but some difference in phase. The phase of lift coefficients for three cylinders is all identical, and this also suggests the same St will be obtained. This character can be attributed to the inphase synchronized vortex shedding behind three cylinders. The mean drag coefficients of cylinders #2 and #3 are basically identical to the value of flow past around a single circular cylinder, except for the fact that the mean drag coefficients of cylinder #1 are a bit less than the value of a single circular cylinder. The reason for this can be referred to the strong interaction between the vortex shedding of cylinder #1 with those from the inner sides of downstream cylinders #2 and #3.
For the large spacing distance case of / = 8.0, due to the antiphase synchronized vortex shedding, temporal evolution curves of drag coefficients for cylinders #2 and #3 are in-phase. Moreover, the maximum drag coefficients of cylinder #2 correspond to the minimum drag coefficients of cylinder #3, and vice versa. The mean drag coefficients of three cylinders are basically identical to the value of the single circular cylinder. The cylinder #1 is a bit less than it, and the other two cylinders are a bit bigger than it. As is shown in Figure 23 , the St of three cylinders maintains the same value. Also, the St of three cylinders is slightly larger than the value of a single cylinder. Therefore, it can be concluded that there is also a slight difference between the flow past around a single circular cylinder and three cylinders with an equilateral-triangular arrangement in the large spacing distance case of / = 8.0.
With the increase of the spacing distance, the mean drag coefficients become increasingly obvious. The growth rate of cylinder #1 is slower than the other two cylinders, and there is an abrupt jump in the mean drag coefficients of cylinder #1. This also can be seen from Figures 21 and 22 . Keep increasing the spacing distance, the mean drag coefficients of three cylinders maintain a constant number, respectively.
Additionally, mean lift coefficients have the nearly same magnitude but opposite sign, as illustrated in Figure 21 . This is caused by the negative pressure distributions around the cylinder #2 and #3. Mean lift coefficients of upstream cylinder Shock and Vibration always keep a constant value of 0, which is coinciding with the result of a single cylinder. RMS lift coefficients of cylinders #2 and #3 reach a maximum at / = 4.0 and then decline gradually to 0 at / = 8.0 and thereafter maintain this value with the bigger spacing distance. RMS lift coefficients of cylinders #1 reach a maximum at / = 4.0 and then maintain this value, which is close to that obtained by a single cylinder. The St of three cylinders become increasingly obvious with small spacing distance. In the medium spacing distance, the St are all less than the value of a single cylinder. However, in the large spacing distance, the St are all greater than the value of a single cylinder. We also found that the St of three cylinders are almost equivalent to each other for all spacing distances.
Conclusions
In this paper, the spectral element method which combines the advantages of the spectral method and finite element method was adopted to solve the flow between three cylinders in an equilateral-triangular arrangement. The simulation results of Kovasznay flow and flow past around a single circular cylinder showed a good consistency with the available literatures. And this indicated that the algorithm was efficient and high-order accuracy. For the small spacing distance case of / = 1.5, the existence of well-known biased flow phenomenon in the gap of downstream cylinders was proved. However, it is of interest that we found the biased flow is bistable in our study but not monostable. A small spacing distance presented lower St, drag, and RMS lift coefficients.
In the medium spacing distance case of / = 4.0, the suppressed effect of vortex shedding for the presence of the side-by-side downstream cylinders disappeared. The results showed that there was a strong interaction between the vortex shedding of cylinder #1 with those from the inner sides of downstream cylinders #2 and #3. The mean drag coefficients of cylinders #2 and #3 were basically identical to the value of flow past around a single circular cylinder, except for the fact that the mean drag coefficients of cylinder #1 were a bit less than the value of a single circular cylinder.
For the large spacing distance case of / = 8.0, the flow pattern of any one of three cylinders only has a slight difference with that of cross-flow around a single cylinder. The mean drag and lift coefficients, RMS lift coefficients, and St of three cylinders were essentially equal to the value of a single circular cylinder. This result illustrated that the effects between three cylinders basically disappeared for / ≥ 8.0.
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